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ABSTRACT

As one of the Puget Sound Interim Studies, groups of drogues (i.e.,
current followers) were released over the West Point sewage outfall at
depths of maximum effluent concentratiom. Through statistical analysis
of subsequent drogue positions, the relative dilution of maximum concen-
tration has been determined using an appropriate form of the Lagrangian
diffusion equation during seven ebb, seven flood and two slack tidal
phases in summer and winter.

By separating the eddy spectrum at the drogue group's effective
diameter (average = 0.9 km) larger scale eddies appear as shear of the
mean flow, whereas smaller scale eddieé appear as turbulence charac-
terized by an eddy diffusivity (average = 2.2 x 104 cm2 s_l). During
established tidal currents the effluent is primarily stirred by the mean
flow and large-scale eddies, thereby producing complex patterns of rela-
tively concentrated filaments and patches. During slack tides, increased
fluid accelerations rearrange and divide the larger eddies resulting in
an increased supply of small-scale eddies, which more effectively dis-
perse patches and filaments.

The net result is about a 1:10 dilution of maximum concentration
over four hours during major flood or ebb tides compared with more
rapid dilution proportional to t-x,1<>1.2, during slack tides. Some
effluent patches may retain their identity through several tidal phases
as observed im photographs of dye injected into the Puget Sound Model.
Those photographs also show an eddy in West Point's lee on selected

flood tides as confirmed on two occasions by drogue trajectories.
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I, Summary

This study is designed to provide a quantitative description of cur-
rents and mixing in support of a comprehensive dye study undertaken con-
currently by the Applied Physics Laboratory* (abbreviated APL), The ob-
jective of that study is to trace sewage effluent stained with a fluores-
cent dye as it flows away from the West Point outfall during the summer
period 30 August-4 September 1974 and the winter period 25 February-

4 March 1975 (Figure 1).

Methods and initial results of the summer drogue study were reported
by Ebbesmeyer and Okubo (1974). The present study reports the winter
observations with a reanalysis of the summer data. The observations of
both summer and winter may be described briefly as follows: groups of
drogues (usually seven) were released over the outfall during selected
tidal phases at nominal depths of maximum dye concentration (50 m in
summer; 20 m in winter). Drogue positions, obtained from two small
craft using sextants at 5-15 minute intervals, were plotted and then
processed on a high speed computer using statistical regression proce-
dures and an appropriate form of the Lagrangian diffusion equation.

Table 1 shows general information for releases of 16 drogue groups.

The analysis separates the eddy spectrum at the drogue group's ef-
fective diameter (average = 0.9 km) so that larger scale eddies appear as
shear of the mean flow (see Table 2), and smaller scale eddies appear as
turbulence characterized by an eddy diffusivity (Table 3:average =

2.2 X 104 cm2 s_l). During established tidal currents the effluent is

*At the University of Washington, Seattle, Washington.




primarily stirred by the mean flow and large-scale eddies, thereby pro-
ducing complex patterns of concentrated filaments and patches. Maximum
concentrations within patches require about four hours or five kilometers
to achieve a 1:10 dilution.* After an initial interval of slower decay,
maximum concentrations decay at the rate of approximately t_l'2

(Figure 2*).

During slack tide, increased fluid accelerations rearrange and divide
the larger eddies resulting in an increased supply of small-scale eddies.
The result is an increased rate of dilution according to t—2 to t-4 for
patches toward shore, while patches toward mid-channel may only experience
decay rates moderately faster than t-l'z.

Figure 3 shows drogue plumes for all releases. Superpositions of
these on corresponding photographs of dye injected into the Puget Sound
Model show that drogue plumes often approximate dye plumes (cf., Plates
I,IT). Deviations occur due to dye recirculated from previous tidal phases.
Drogue trajectories tend to follow the more concentrated filaments and
patches.

The photographs also indicate an asymmetrical distribution of patch-
iness between ebb and flood tides, possibly as a result of net freshwater
accumulation flowing northward. During flood tides two types of patch-
iness are often evident: (1) effluent patches dispersed between mid-chan-
nel and Magnolia Bluff; (2) an eddy in West Point's lee circulating coun-
terclockwise., Ebbs produce a characteristic filamentary dispersion sweep-

ing northward around Meadow Point. Selected patches were observed to main-

tain their identity for up to 15 hours.

*Because of assumptions basic to the Lagrangian diffusion equation these
dilutions should be treated as estimates of maximum dilution.



Table 1. General information for summer and winter drogue studies.

Tidal Tidal # drogues Depth Hour Hour Elapsed

Date phase range launched (m) first last time
(m) drogue drogue (h)
launched retrieved
8-30-74 Flood 3.2 7 50 13.4 19.5 6.1
8-31-74 " 3.1 7 50 12.2 19.1 6.9
9- 1-74 " 3.0 7 50 11.5 17.6 6.1
9- 2-74 " 2.9 7 50 12.8 18.5 5.7
2-25-75 " 2.1 5 20 14.5 17.3 2.8
9- 3-74 Ebb 2.3 6 50 7.3 12.1 4.8
2-26-75 " 3.0 7 20 8.5 11.8 3.3
2-27-75 " 3.4 6 20 7.9 12.2 4.3
2-28-75 " 3.6 7 20 8.2 11.7 3.5
3- 1~-75 " 3.7 7 20 8.7 14.7 6.0
3- 2-75 " 3.6 7 20 9.5 14.3 4.8
3- 3-75 " 3.4 7 20 9.5 15.4 5.9
9- 3-74 Slack 4 50 12.7 14.7 2.0
2-28-75 " 7 20 13.1 16.2 3.1
Shilshole

2-26-75 flood 2.6 5 20 13.8 17.8 4.0
2-27-75 Flood eddy 2.9 6 20 14.2 18.7 4.5

_E‘_.




Table 1 Cont'd.

Tidal Interval Initial Final Average Average
Date phase analyzed area of area of drogue wind*
for current groyp groyp speeg1 speed
properties (km™) (km") (cm s ) —(kn)
8-30-74 Flood 14,2-15.8 741 .612 32.8 5.9
8-31-74 N 13.1-16.3 .366 8.75 18.1 5.3
9- 1-74 " 12,8-16.9 .816 4,99 19.1 6.7
9- 2-74 " 13.7-17 .4 .288 3.42 23.4 7.0
2-25-75 n 14,8-16.8 . 0644 .418 27.3 15.0
9- 3-74 Ebb 8.2- 9.5 411 .501 29.0 7.8
2-26-75 " 9.0-11.2 .0775 .496 37.8 14.1
2-27-75 " 8.8-11.7 .0685 .254 36.7 5.7
2-28-75 " 8.8-11.2 .166 AT71 42.9 12.4
3- 1-75 . 9.3-13.0 .124 2.49 36.1 7.7
3- 2-75 " 9.9-13.6 .340 443 42.4 20.1
3- 3-75 " 9.8-15.0 175 .621 46.9 16.9
9- 3-74 Slack 13.2-14.1 .256 .806 18.8 7.8
2-28-75 " 13.7-15.8 .137 .254 17.9 12.4
Shilshole
2-26-75 flood 15.5-17.3 .0868 241 17.0 14.1
2-27-75 Flood eddy 14.8-18.3 .0382 .206 13.5 5.7

24 hour averages.

Summer values from Sea-Tac airport.

at West Point (courtesy of E. E. Collias ).

Winter values from UW weather station



Table 2. Average centroid speed and properties of the mean flow and eddies larger than drogue groups.

Centroid Horizontal Relative
speed divergence vorticity
Date Tidal (cm s-l) (10_4 s—l) (10-4 s_l)
phase mean std. dev. mean std. dev. mean std. dev.
8-30-74 Flood 32.8 2.10 -.535 1.72 -4.33 .908
8-31-74 " 18.1 6.60 2.89 2.93 1.96 1.41
9-1 -74 N 19.1 3.39 1.21 .178 -.566 1.09
9-2 -74 B 23.4 6.91 1.29 1.81 1.52 .703
2-25-75 " 27.3 11.0 2.43 .739 1.04 1.48
9-3 -74 Ebb 29.0 3.26 344 1.06 -1.81 644
2-26-75 " 37.8 4,66 1.83 1.77 3.16 2.74
2-27-75 " 36.7 7.63 1.05 1.99 .877 1.72
2-28-75 " 42.9 1.04 1.05 1.13 .928 2.07
3-1 -75 " 36.1 4.09 2.17 1.13 -.833 .609
3-2 -75 " 42.4 1.37 .279 .989 -.747 .626
3-3 -75 i 46.9 7.18 .764 .858 -.290 .567
9-3 -74 Slack 18.8 2.15 4,96 2.38 1.72 1.84
2-28-75 " 17.9 8.05 .633 1.25 -2,58 1.89
Shilshole
2-26-75 flood 17.0 6.06 1.52 3.55 -.924 2.38

2-27-75 Flood eddy 13.5 6.56 1.11 3.78 144 2.88




Table 2. Cont'd.

Stretching Shearing

deformation deformation No. of

Date Tidal (107% 571y (107 s7h data

phase mean std. dev. mean std. dev. points
8-30-74 Flood -.474 1.52 -.724 .928 13
8-31-74 " -.309 3.30 -.876 1.07 29
9-1 -74 " .748 .538 -.240 1.30 38
9-2 -74 " .0781 1.93 -.116 1.17 34
2-25-75 " .115 2.15 .326 1.26 17
9-3 -74 Ebb .484 .354 -3.70 .755 10
2-26-75 " 4.40 2.88 1.07 1.56 19
2-27-75 " 1.14 3.98 1.52 2.64 26
2-28-75 " -.767 2.79 -1.67 2.18 21
3-1 -75 " .0881 .361 .531 .357 34
3-2 -75 . .554 .920 .675 1.09 34
3-3 -75 b .419 .591 -.282 1.57 51
9-3 -74 Slack -.756 1.44 -1.76 2.75 6
2-28-75 " -.566 .838 .972 1.57 18

Shilshole

2-26-75 Flood -1.80 3.33 2.49 2.96 15

2-27-75 Flood eddy -1.17 6.56 .123 2.72 32




Table 3. Horizontal eddy diffusivity and mean division between

large and small scale eddies.

*
Mean division

Horizontal between large

eddy and small scale No. of

Date Tidal diffusivit{ eddies data

phase (104 em? 571 (km) points
8-30-74 Flood .711 .836 13
8-31-74 " 9.23 1.63 29
9-1 -74 " 4.78 1.64 38
9-2 -74 & 5.58 1.38 34
2-25-75 i .208 .516 17
9-3 -74 Ebb .799 .824 10
2-26-75 " 2.08 .680 19
2-27-75 " .386 .400 26
2-28-75 " .289 .576 21
3-1 -75 " 445 1.16 34
3-2 -~75 N .904 .692 34
3-3 <75 i 494 .584 51
9-3 -74 Slack 2.03 .728 6
2-28-75 " .221 472 18

Shilshole

2-26-75 Flood .852 .616 15
2-27-75 Flood eddy .156 .360 32

*
Diameter of drogue group.
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Figure 1. Puget Sound and study area.




Plate I. Photograph of dye injected into Puget Sound Model
during flood tide of 27 February 1975. Note eddy

in West Point's lee and three patches between |
Magnolia Bluff and mid-channel. For comparison
with corresponding drogue plume and trajectories
see Figures3a3 and 8a3, respectively.




Plate IT.

-10-

Photograph of dye injected into Puget Sound Model
during ebb tide:of 1 March 1975. For comparison

with corresponding drogue plume and trajectories

see Figures 3b4 and 8b4, respectively.
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RELATIVE DILUTION (eq. 13)

ELAPSED TIME (hours) after initial dilution by diffuser
1.0

5.0

0.1 —

These are theoretical
effluent dilutions after

an initial dilution of 2-25
approximately 1/100 near

the diffuser.

9-2

9-1

8-31

Figure 2bl. Relative dilution of maximum concentration for flood
tides versus elapsed time.
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RELATIVE DILUTION (eq. 13)

Figure 2cl. Relative dilution of maximum concentration for ebb tides
versus elapsed time.
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Figure 2c2. Relative dilution of maximum concentration for ebb tides
versus elapsed distance.
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RELATIVE DILUTION (eq, 13)
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Figure 2d, Relative dilution of maximum concentration for slack

tides, Shilshole flood and flood eddy.
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Relative dilution of maximum concentration for slack

tides, Shilshole flood and flood eddy.

Figure 2d.
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areas contain 957% of drogue positions.
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Figure 3d4.

Drogue plume (dashed line) for flood tide on
2 September 1974, Dots mark centroid every
six minutes. Selected principal axes of
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II. Introduction

This study is designed to provide a quantitative description of cur-
rents and associated mixing in support of concurrent observations of dye
pumped continuously from the West Point sewage outfall. The observations
of dye concentration were performed under a separate contract to APL. 1In
that study rhodamine B dye was continuously injected into sewage within
the treatment plant located close onshore at West Point. The sewage and
dye enter Puget Sound approximately 1100 m west of West Point at a nomi-
nal depth of 73 m. The combined effluent rises to an intermediate depth
controlled primarily by prevailing density structure. The resulting ver-
tical and horizontal dye distribution was observed by APL using a towed
instrument package. Preliminary analysis of those observations on board
ship showed that 50 m approximated the depth of maximum dye concentration
in summer, and 20 m in winter. Groups of drogues (usually seven) were
then placed at those depths near the beginning of major flood and ebb

tidal phases (Table 1 and Figure 4).

III. Methods

A. Drogue design

A drogue may be defined as a device which is theoretically free to
follow currents, Practical considerations often result in a drogue
which rides at a fixed depth by suspension from a surface float. Opti-

mum design maximizes current drag on the drogue relative to drag on its

*A fluorescent bluish red dye.
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suspending elements. The drogue used in this study is patterned after a
design used previously for extensive field studies in Great Lakes Michigan
and Erie (Okubo and Verber, 1967 and Okubo and Farlow, 1967).

The design consists* of two rectangles of coated lightweight nylon
sewn over small diameter zinc-coated electrical conduit (Figure 5). The
conduits and nylon were fastened at the center and the frame guyed with
small diameter braided nylon cord. The surface float consisted of poly-
urethane sandwiched between square pieces of plywood previously coated
with fiber glass. Nylon cord (1/8") connected the drogue and surface
float. Assuming a wind speed of 10 knots and a current of one knot, the
drag on the drogue's suspending elements is approximately five percent of
that on the drogue itself. A several pound weight suspended about % meter

below the drogue kept it nearly vertical and also resulted in a descent

time of approximately five minutes.

B. Field procedure

Shortly after dawn two small craft arrived over the outfall near
times of high or low water. In an established tidal current 5-8 drogues
were launched within a several hundred meter diameter. After observing
positions for 4-5 hours drogues were retrieved usually near midday and
dusk. By assigning small craft to selected drogues the position of each
could be obtained at least once every 15 minutes. Two observers in each
craft obtained drogue positions using micrometer drum sextants during
daylight hours of sufficient visibility. Table 1 summarizes general in-

formation for sixteen experiments during seven flood, seven ebb and two

* . ) ) .
Identical drogues were used in summer and winter periods.
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slack tidal phases.

C. Statistics of drogue position

Sextant fixes were first plotted using a three arm protractor; then
digitized on a master grid with x, y reckoned positive toward east and
north, respectively; and finally interpolated at six minute intervals
using polynomial curves fitted to the time series of x and y by means
of least squares. The following statistics were computed from the inter-
polated positions:

1. Centroid position and speed.

2, Orientation of the principal axes.

3. Standard deviations along the principal axes.
The principal axes are mutually perpendicular and pass through the cen-
troid with respect to which the standard deviation is either maximum
(Gma along the major axis) or minimum (Gmi along the minor axis). Two
standard deviations along these axes form an ellipse of area A = 4n0maomi
which contains 95% of the observed drogue positions. Henceforth this area
will be referred to as 'drogue area,' A. We define a 'drogue plume' by
contouring successive positions of two standard deviations measured from

the centroid along major axes (cf. Okubo, 1970, p. 93).

Mean standard deviation for n drogues is defined geometrically as

8 = (cmacmi) (1)
where n
~2 o1 _ Ty2
Oma n-1 .2 (x r)
i=1
1 n
~2 __1 )
cm1 n—1 .Z (s 2




where r, s refer to coordinates in the principal axis frame and the

centroid (r,s) is located at

I e~
H
=

In eq. (1) the denominator n-1 replaces the more common n. According to
Cramer (1966, p. 182) this formulation approximates the variance of a
continuous population as observed with n discrete samples. Calculation
of centroid position requires no correction. The 'hats' (.) denote use

of this corrected standard deviation.

D. Divergence, vorticity, deformation rates and frictional torque
These properties of mean current shear were computed from interpo-
lated positions using linear regression procedures described in Appendix B,

Drogue area is approximately related to horizontal divergence by

_laa
so that
t
A = exp J y(t')dt' (3)
o

R e —
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If we associate A with a vertical cylinder of water having unit volume

and height D, then for this volume to be conserved Dch-l, or

t
> = exe - |[veenar ®

(e}

where the integral will be referred to as the integrated divergence.

The vertical component of the absolute vorticity (z + f) obeys the

following dynamic equation

%E'(C+f) + (g+f)vy + (g% %% - %E— gg)— 2Qcosfd %¥ + w%étan 0 =
" (5)
- (22 §§-+g—; %;lr)+(—a—§-£-— i’g_;)
y
where ¢ : vertical component of relative vorticity
f : vertical component of planetary vorticity (1.08 x 10-4 s-l)
Y : horizontal divergence
u,v,w : X, y, z components of velocity
2 : earth's angular rotation
@ : latitude
a : specific volume of sea water
P : pressure
Fx’Fy ¢ X, y - components of frictional forces

T =
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If we ignore the terms involving the vertical velocity and also the

baroclinic term, (5) is reduced to

d - (6)
dc (z+f) + (c+f)y Tf
where T_ = oEp L s : frictional torque.
f 9x Ay
Dividing (6) by D, the vertical height of a water column and using the
relation ~(4),we obtain
d g+, _ Tf ()

dt D D

t+f

Equation (7) states that without frictional torque, potential vorticity, D >

is conserved:

£%£-= constant 8

E. Dilution of maximum concentration
The dilution of the maximum concentrationm, Sm, within an effluent
patch formed at t = O is approximated by the following Lagrangian dif-

fusion equation adapted from Okubo (1966):

-1

S

7?'2 {Zﬂ(oT * Onao) (O + Op5) [(Flz + Glz)(Fz2 + Gzz) - (F1F, + G1G2)2] } 9
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where: (1) Q is the amount of substance released per unit depth at t = 0.

(2) %paos Omio are standarq deviations along the major and minor
axes at t = 0, respectively,.

(3) UT is the standard deviation due to small-scale eddies

2 — 9% (10)
GT 2Kt

(4) K is the time average horizontal eddy diffusivity

- 1 t (11)
K = . R(t")dt’
o
(5) K is the instantaneous eddy diffusivity
e (12)
KE 2t (Omacmi - omaMUmiM)

in which omaM 5 GmiM are major and minor axes, respectively,
of the drogue group after subtraction of turbulent displace-
ments from drogue positions.

(6) Fl’ F,, Gy» G, are the Lagrangian displacement properties
which depend on time and characterize the mean flow (see
Appendix C for details of computations).

(7) The overbars denote use of the time average process as used
in eq. (11).

Equation (9) assumes that vertical mixing is negligible and that the
eddy spectrum may be separated into two major parts: eddies larger than
the drogue group (i.e., large-scale eddies) appear as shear of the mean
flow and eddies smaller than the drogue group (i.e., small-scale eddies)

appear as turbulence.

5 767l
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From eq. (9) we define the relative dilution of the maximum concen-
tration as:

s, (t)

o | D (13)
Sm(t=0)

Relative dilution =

F. Photographs of dye injected into the Puget Sound Model

As part of another study for Metro, J.H. Lincoln* took 16-mm £ilm
of dye injected at the West Point outfall in the Puget Sound Model. We
reviewed that footage magnified several times and shot pictures of 16-mm
frames near times coinciding with the beginning, mid-point and end of
drogue runs from 26 February-2 March 1975. Additional pictures were made
of two dye patches which maintained their identity for 12 and 15 hours.

Two of the more interesting pictures are shown in Plates I and TII,

IV. Results and discussion

A. Drogue dispersion

Application of these methods results in drogue plumes (Figure 3);
divergence, vorticity and deformation rates due to the mean flow and
large-scale eddies (Table 2); and eddy diffusivities due to small-scale
eddies (Table 3). The separation between these two scales varies with
time according to the drogue group's instantaneous size. From Table 3
for ebb and flood tides the mean separation is 0.9 km.

Additional analysis shows that the mean flow and large-scale eddies

are primarily responsible for drogue dispersion during established tidal

wDept. of Oceanography, University of Washington, Seattle, Washington.
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phases. We can demonstrate this by two curves relating drogue area to
integrated divergence: curve A in Figure 6a shows typical observed
values, while curve B relates theoretical values computed from eq. (3)
due only to the mean flow and large-scale eddies. The ratio of B to A
is the approximate fraction of drogue area due to the mean flow and
large-scale eddies, while their difference is proportional to the area
due to small-scale eddies. Hence about 90-95% of drogue dispersion is
caused by flows having length scales larger than drogue groups and the
remaining 5-10% is due. to.small-scale eddies.

Inspection of drogue trajectories (Appendix A) shows that a drogue
group tends to disperse in subgroups. This behavior correlates with
patchiness in photographs of dye injected into the Puget Sound Model
(e.g., Plates I,II). Moreover, patchiness is asymmetrically distributed
between flood and ebb tides. During established flood tides three dye
patches characteristically disperse between mid-channel and Magnolia
Bluff while an eddy forms in West Point's lee. During established ebb
tides a characteristic filamentary dispersion sweeps northward around
Meadow Point.

Close inspection of our photographs revealed that selected patches
formed on both ebb and flood tides and maintained their identity for
12-15 hours. Other dye patterns showed eddy circulations with diameters
exceeding one kilometer, yielding additional evidence of large-scale

eddies. Finally, we note that drogue and dye plumes do not always match

precisely because of dye recirculated from previous tidal stages.
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Figure 6a. Normalized drogue area VEIsus integrated divergence
for ebb tide of 1 March 1975 ( A, = initial drogue
area). Curve A: observed values. Curve B: eq. (3)
for large-scale eddies and mean flow. Data from
other drogue releases form straight lines having
nearly identical slopes and intercepts.
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B. Dilution of maximum concentrations

Relative dilutions of maximum concentrations* within effluent patches
are displayed for individual drogue releases and averaged for five flood
and seven ebb tides during which drogue plumes were oriented approximate-
ly north-south (Figure 2)., These computations suggest that a patch formed
during an established flood or ebb tide requires approximately four hours
for its maximum concentration to decrease to 10% of its initial value.
This interval corresponds to a distance of about five kiloﬁeters using
average tidal speeds. |

Relative dilution decays at a rate proportional to t_l‘2 after an
initial interval of slower decay. Our limited observations during so-
called slack tide, in a flood eddy and in areas of high current shear
suggest that the decay rate increases to t-2 to t"4 between established

tidal phases depending on the patch's location.

C. Vorticity balance

Conservation of potential vorticity is usually valid for a large-
scale motion like the Gulf Stream (Stommel, 1958). For smaller scale
motions frictional torque and vertical velocity may become significant.
A large fraction of our observations satisfy the balance of potential
vorticity and frictional torque in eq. (7) (e.g., Figure 7). However
the remaining observations appear to require a more complex vorticity

balance which retains terms containing vertical velocity.

*Computed from eq. (13).
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V. Conclusion

Our results suggest the following two-step mixing process as a work-
ing hypothesis: |
1. During established tidal phases the effluent is primarily stirred
by the mean flow and large-scale eddies, thereby producing com-
plex patterns of filaments and patches.
2. Between established tidal phases increased fluid acceleration |
leads to a relative increase of small-scale eddies at the ex-
pense of their larger scale parents. In turn these offspring
disperse the filaments and patches.
The net result is about a 1:10 dilution of maximum concentration in a
patch during established tidal phases and more rapid dilution at a rate in

1.2 during so-called slack tide. However tidal mixing is com-

excess of t~
paratively inefficient such that some effluent patches may retain their
identity through several tidal phases.

On two flood tides drogues travelled around an eddy in West Point lee,
Photographs of the Puget Sound Model confirm the presence of this feature.
However, drogue plumes do not always match precisely dye plumes because of
dye recirculated from previous tidal phases. '

Finally, it should be kept in mind that drogues are primarily responsive
to horizontal fluid motions. Our results suggest that natural horizontal
variability of drogue patterns are sufficient to mask significant differences
between observed summer and winter patterns. Moreover, summer and winter
observations were obtained at different depths and tidal phases; and photo-
graphs of the Puget Sound Model were not available for summer to contrast

those reported here for winter. A definitive discussion of summer-winter

differences of dispersion patterns must consider additional analyses of
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hydrographic conditions and dye observations --- tasks beyond the scope
of this study. We have reported our results for both summer and winter
in the hopes that they will provide a partial basis for delineating

seasonal characteristics.
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Appendix A. Drogue trajectories.

The following figures show trajectories from interpolated drogue

positioms.
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Drogue trajectories for flood eddy on 27
February 1975.
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Drogue trajectories for ebb tide on 2
March 1975. Tics mark half hour intervals.
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ABSTRACT
If several drogues (i.e., four or more) are followed simultaneously not only
the mean flow, dispersion, and eddy diffusivities but also the field of mean

vorticity, divergence, and deformation rates may be determined as functions

of time. Confidence levels of the latter quantities may also be calculated.

These new procedures use a matrix approach to linear regression.
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Various methods have been developed for experimental studies of oceanic diffusion.
However, our present understanding of oceanic diffusion still comes largely
from field studies. Among the field methods, the use of drogues is both rela-
tively simple and inexpensive. Yet, their full potential has not been system-
atically explored in a manner similar to studies of the vorticity and strain
rates in arctic sea ice by Hibler, Weeks, Kovacs, and Ackley (197h). This note
examines the use of several drogues simultaneously observed in order to separate
the mean and turbulent components of fluid flows.

For simplicity, though not of necessity, we will confine our attention
to two-dimensional drogue motions. The outline of the data analysis is as
follows. Observations of the x,y coordinates are used to calculate the u, v

speeds, respectively, of n drogues simultaneously at m times:

»
-
L]
-
=
It

1,2,3,...n

[«
=
a
=
=
1

1,2,3,...m

Next we expand the ui,vi speeds of each drogue at each time in Taylor

series about the centroid located at x(k), y(k):

w () = 300+ 80 o) - w07+ 20 g - F0] + uk)

i 9x i 3y i i
v ) = 70+ B 1 (0 - 3007 + X 1y (0 - F001 ¢ i)
where (2)
- 1% — 1 %
x(k) = = ) xi(k) , yilk) = o i yi(k)
i=1 i=1

du du dv v : . : :
and where 3x’ 3y’ 9x’ Ay are linear velocity gradients at the centroid, and

ug, vg are the "turbulent" speeds.
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In these Taylor series we have assumed that the velocity gradients
are uniform within the group of drogues and that terms of second and higher
order are considered as turbulence. This formulation,as well as those of
others (e.g., Okubo, 1966), view the spectrum of oceanic turbulence as
separable into two major parts: the large-scale eddies which appear as
shears of the méan velocity, and the small-scale eddies responsible for eddy
diffusion. In the real ocean, the spectrum of oceanic turbulence contains
a wide variety of eddies and is not easily separable in this way. Thus,
as the group of drogues spreads,the division between the part of the spectrum
assignable to sheafs and the part assignable to eddy diffusion tends toward
smaller wave-numbers and frequencies. Even if the spectrum presents no
natural separation, we may assume that the concept of shear-diffusion is
still valid locally in time (Ebbesmeyer and Okubo, 1975).

Equation (2) can be expressed more simply as '

U=RA+E

<
1]

RB + F

where the following matrix definitions are used:

Position matrices;

x¥ (k) y*(k) x* y¥(k)

x¥(k) v (k) x3(k} y%(k)
X(k) = Y(k) = R(k) = T ’

x*(k) y*(k) 1 oxr(k) y*(k)

where the asterisks denote position with respect to the centroid.




1

Speed matrices;

Current property matrices;

u(k)

Ak) = | S_E(k_> B(k) =

du(k)

oy

Turbulence matrices;

() \ v, (x)
u, (k) Vz(k)
E(k) = ) F(k) = |

ug(k)

When the number of drogues exceeds three, the velocity gradients and
centroid speeds, i.e., the matrices A and B, may be calculated following
the linear regression procedures of Draper and Smith (1966). If n = 3,
then these procedures are not applicable, e.g., if n = 3 then turbulent components

cannot be determined. Practical considerations of confidence limits as described

later dictates that n be approximately six or more.
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Application of the linear regression procedures requires that the mean
turbulence speeds be zero and that the standard deviation of the turbulence
speeds be minimized. For drogue observations we use the "unbiased" sample
standard deviation as recommended by Cramer (1966) when calculating the

standard deviation from discrete samples drawn from a continuous population:

~ N n 1/2
o (k) = [== ) u,"2(x)]
i=1 (4)
R N n 1/ 2
a (k) = === Zvi"z(k)] :
i=1
The result is as follows
A= (R'R)'R'U
) (5)
B = (R'R) !R'V

where R' is the transpose of R and (R'R)”! is the inverse of (R'R).

Substituting (5) into (3) the turbulence matrices can be written as

E=[1-R(RR)TIR']U

F

L1 - R(R'R)-IR']V

In reality the turbulence terms consist of two parts: one is the
variation due to the real inhomogeniety of velocity gradients within the
drogue group, and the other is due to measurement errors in drogue position
and velocity. We may estimate measurement errors in several ways. For ex-
ample, if we make the usual assumption that the real turbulent fluctuations
and meaéurement errors are mutually uncorrelated, and that the measurement
errors themselves are uncorrelated with the same zero mean and variance, 0&,

we then can obtain the unbiased sample standard deviations for the real
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turbulence by subtracting o2 from ugz an

M
Obviously if ugz, vgz >> 0& » We can reg
inhomogenieties. Measurement errors may
positional errors directly into X,Y,R ma

A,B,E,F matrices.

2 on the right-hand side of eq. (4).

d V"

i
ard the total variation due to real
also be estimated by substituting

trices and noting their effect on

The standard deviations of the parameters in A and B correspond to the

square-root of the diagonal terms of the
respectively. Then it is convenient to

tion matrices

Assuming that the turbulence velocities

tion, the 100(1-a)% confidence limits of

Azt tn-2,1- % a) 8.
1
Btt(n-2,1- E-a) S.
where Student's t distribution t(n-2, 1-

probability 1- % a.

The stability or instability of the

displacement may be calculated following

A A

. ' =1 .2 =1 2
matrices (R'R) A (R'R) ol s

define the following standard devia-

S.D.(v)
P
ox
v
oy,

S.D. ()

S.D.(

are all from the same normal distribu-

A and B may be expressed as

D. (A)

(8)
D. (B)
%—a) has n-2 degrees of freedom and_

standard deviation of the drogue

Okubo (1970).

First we define
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Horizontal divergence = y(k) = gz(k) + g;(k)
Relative vorticity = n(k) = g;(k) i g;(k)
_ _ (9)
Stretching deformation rate = (k) = g;(k) - g;(k)
Shearing deformation rate = h(k) = ov(k) + du(k)

ox ay

The presence and type of any velocity singularities are then determined accord-
ing to the graph of y(k)versus a?(k) + h?(k) -n2(k) and figures given by Okubo
(1970).

The eddy diffﬁsivities Kx’ Ky may be obtained by analogy to a combination
of mixing length theory and turbulence theory (Obukhov, 1941), i.e., the
diffusivity is proportional to the product of a mixing length % and intensity
of turbulence velocity (52)1/2, where € is the rate of energy dissipation as

in the four-thirds power law

K(2) = ¢ el/3 go/3 (10)

Ozmidov (1960) argued that the proportionality constant ¢ should be of order

~ A

0.1. In the present work we assume that turbulence intensity equals Ou’ ov

and that the mixing length equals the standard deviation of drogue displace-

~ A

I ment ¢, O so that
. Xy

Kx(k) = 0.1 gu(k) Sx(k)
N " (11)
Ky(k) = 0.1 ov(k) cy(k)




=T7=

where n
A 1 - 2.1/2
ox(k) = { ] ) [xi(k) - x(k)] }
i=1
A L0 _ 2al
o (k) = { o5 I ly;(0) - y(6)1}
i=1l

The foregoing calculations allow determination of the mean field of
current shear in addition to eddy diffusivities and the mean current speed
versus time. These results may be substituted directly into a comprehensive
model for advection and diffusion previously developed by Okubo (1966). In
that way detailed comparisons between drogue and dye observations may be
obtained.
ing drogue accelerations in a similar way we may obtain stress

components such as in the right-hand side of a simple vorticity balance

d EEI an
g+ s+ )y =52 - 5 (12)

where f is the vertical component of planetary vorticity and Fx’ Fy are X,y
components of frictional forces per unit mass. In this balance we have neg-
lected vertical velocities and baroclinic terms. ' Both the kinematics and
dynamics of fluid flows can thus be examined using drogues.

It can be seen that the present gnalysis may well be applicable to records

obtained from an array of several moored current meters.
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Appendix €. Determination of Lagrangian Displacement Properties

Observations of the x, y coordinates are used to calculate the Lagrangian

Displacement Properties (abbreviated LDP) for n drogues observed at m times:

xi(k) i=1,2,3,...n

(1
yi(k) k=1,2,3,...m
We expand the xi,yi coordinates of each drogue at each time in Taylor series
about the centroid:
axi(k) axi(k)
* = —=_ x% —_— g% %
0 = 5D O D 5D Y (1 +xf
(2)
3y (k) 3Y?(k)
* e s, il I T %!
i =5 C D = Ay % ayE( 1) yiC D+
where asterisks denote position with respect to the centroid
* = - x
x (k) = x; (k) - x(k)
* = -V
yik) =y, (&) - y(k)
- 1 - 1
xk) == [ x @, y® =7 ] y®
i=1 i=1
and where primes denote displacements due to 'turbulence'.
Equation (2) can be expressed more simply as
X =RF + L
(3)
Y =RG + M

where the following matrix definitions are used:

B e
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Position matrices;

hef(k)‘ y* (k) [xf{(k-l) y’l‘(k—l)\

* (k= * (k-

xg(k) y’z‘(k) xz(k 1) yz(k 1)
X(k) = * Y(k) = : R(k) =

\x;;(k) J |y (1) x (k-1) y;ac—l)]
LDP matrices;

ax* (k) dy* (k)

ox*(k-1) ox*(k-1)
Flk) = ox* (k) G(k) = ay* (k

ay* (k-1) dy* (k-1)

Turbulence matrices;

{x’i" (k)\ { y*' (k)\

x*' (k) y*' (k)
2 2
L(k) = . M(k) =
x:' (k)} \y:' (k)/

The matrices F, G may be calculated following the linear regression
procedure of Draper and Smith (1966). Application of the linear regression
procedures requires that the mean turbulence displacements be zero and that
the standard deviation of the turbulence displacements be minimized. For
drogue observations we use the "unbiased" sample standard deviation as
recommended by Cramer (1966) when calculating the standard deviation from

discrete samples drawn from a continuous population:
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" 1 v Y
= = *12
o (&) = [ 57 1 x§'?@)]
i=1
(4)
. 1 ° 12 ]/2
= —_— *
o (&) = [ 37 I y3'2)
i=1
The result is as follows
F = (R'R)"! R'X
(5)

G = (R'R)~1 R'X

where R' is the transpose of R and (R'R)—1 is the inverse of (R'R).




